Almost Lie structures on an anchored Banach bundle 

P Cabau & F. Pelletier 



Abstract 

Under appropriate assumptions, we generalize the concept of linear almost Poisson struc- 
tures, almost Lie algebroids, almost differentials in the framework of Banach anchored bundles 
and the relation between these objects. We then obtain an adapted formalism for mechanical 
systems which is illustrated by the evolutionary problem of the "Hilbert snake" as exposed in 

1 Introduction 

Recent developments about geometric formalism on anchor bundles on a finite dimensional mani- 
fold have helped to build a general framework for studying mechanical systems. Essentially, these 
geometric structures concern, linear almost Poisson structures, almost Lie algebroids and almost 
differentials (see for example [GLMMj . [GLMMj . [LMMj . [Marlj . |Marr) . [PoPoj and all references 
inside these papers). 

The purpose of this paper is to give a generalization of these geometric structures in the 
context of Banach anchored bundles. Of course, this framework leads to a lot of obstructions. 
At first, any local section of a Banach bundle cannot be extended to a global section without 
some properties of regularity of the typical fiber. So, in the setting of "Banach algebroid", we 
must impose that the Lie Bracket of sections (defined globally) has a property of "localization" . 
Indeed, if the Banach manifold is regular, this property is always satisfied, as in finite dimension. 
However, in the general case, we must impose such a condition (see section [331) . On the other hand 
hand, for a Poisson structure on a Banach manifold, we meet the same type of problem but also, 
if the typical Banach model is not refiexive, we must impose some other conditions (see section 
14. ip . Finally, the most important obstruction appears in the context of "Lie differential": not only 
we still meet the problem of localization of sections but, on the opposite of finite dimension, the 
graded algebra of forms on a Banach space is not generated by elements of degree zero and degree 
one, so, in general, such a differential is not characterized by its values on elements of these types. 

However, by imposing appropriate assumptions, we defined the concept of almost Lie bracket, 
almost Lie algebroid which is a generalization of Lie algebroid on Banach manifold introduced in 
[Ana] and [Pelj . Now, recall that in finite dimension, on one hand there exists a bijection between 
Lie algebroid structures on an anchored bundle and Poisson structures on its dual, and a bijection 
between Lie algebroid structures and Lie differentials (see for instance [Marl] or [GLMMj among 
many references). In fact, in our context, if the typical fiber of the anchored bundle is not refiexive, 
we have a bijection with almost Lie algebroid on an anchored bundle but here with "sub almost 
Poisson structure" on its dual, that is, such a structure is only defined on the set of sections of 
a " canonical subbundle" of the dual bundle (see subsection 14. 2p . Of course, in the framework 
of paracompact Hilbert manifolds, all these obstructions do not exist and we recover the general 
setting of the finite dimensional context. On the opposite, in the infinite dimensional context, we 
do not have any bijection between almost Lie algebroid structures and almost Lie differentials even 
under appropriate assumptions (see subsection 14. 3p . 

In the following section, we recall the concept of graded exterior algebra, some classical 
properties of Banach manifolds under which the mentioned previous assumptions can be avoid. 
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We also precise our notations in local context. The notion of almost Lie algebroid (AL algebroid 
in short) on a Banach anchored bundle is developed in section [S] The section |4] is devoted to the 
relation between "sub almost Poisson structure" and AL algebroid in one hand and almost Lie 
differential and AL algebroid on the other hand. At first we expose the context of sub almost 
Poisson morphism (sub AP morphism in short) (subsection l4.ip . Then we look for the equivalence 
of AP morphism and AL algebroid structure (subsection 14. 2p . Finally, under strong appropriate 
assumption on an almost differential, we can associate an AL algebroid structure (subsection 
14. 3p . As applications of our results, in section [SJ we look for an adaptation of classical formalism 
for mechanical systems: Hamiltonian system, Hamilton- Jacobi equation, Lagrangian system and 
Euler-Lagrange equation. Finally, in section [51 we illustrate this formalism in the context of the 
evolution of the "head" of a "Hilbert snake" form the results of |PeSa| . 

2 Preliminaries and notations 

2.1 Graded exterior algebra on a Banach space 

Given a Banach space E, we denote by A'^E* the Banach space of exterior forms of order k of 
E. More precisely, the set A'^'E* can be identified with the closed subspace of fc-multilinear skew- 
symmetric maps in the Banach space C'^ {E) of fc-multilinear forms on E. This space is the closure 
of the vector space generated by all exterior products of 1 forms {^^^ A • • • A ^i^^, ii < • • • < ik}- 
(for a complete description, see [Ram]). Set 

oc oo 

AE* = /°°(0 A'^E*) = {uj = ^Wfe with Wfc G A'^E*, sup||wfe|| < oo}. 

Then, AE* is a Banach space which, provided with the exterior product, is an algebra . 

If we consider the Banach space E, isometrically embedded in E**, we can define, in the same 
way, the vector space A'^'E spanned by all exterior products {ui^ A • ■ • A li^^, , ii < • • • < ifc}. So, if 
we set: 

oo oo oo 

AE = /i(0 A'^E) = {u = ^Ufc with uk G A'^E, ^ \\uk\\ < oo} 

then, AE is a Banach space, which, provided with the exterior product is a Banach algebra and 
also a graded algebra. Moreover A'^'E* is isomorphic to (A^-'E)* for any fc > (see [Ram]). 
Notice that we have A^E* = A°E = M, A^E = E, and A^E* E*. 

The interior product of w G A'^'E* by a vector f G E, denoted by iy, is characterized, as usual in 
the following way: 

- if fc < 0, = on A'^E* 

- if fc = 1, then i„cj = (uj, u) G M 

- if fc > 1, for ui . . . Vk-i G E, then ivUj{vi, . . . , Vk-i) = w (w, wi, . . . , Wfc-i) 
and then iyUj G A'^^^E*. 

In fact, given any fixed w G E, the interior product iy can be clearly extended to a continuous 
endomorphism of AE* which is a derivation of degree —1 of AE* that is iy is send each factor A'^E* 
of the graduation into the factor A''"^E* AE*. 

The interior product ip by a multivector P G A^E is defined in the following way: 

- if fc < 0, = 

- if fc = 0, P G M and for any form a G AE*, then ipLU = Puj 

- if fc > 1 and if P is decomposable, i.e. P — vi A ■ ■ ■ A v^, we set ivi/\---/\vk = ivi ° ■ ■ ■ ° ivk 
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We can extend, by linearity and continuity, the definition of zp, for any P G A'^E, to the graded 
algebra AE* . For any fixed P e A'^E we then get 

an endomorphism ip of degree —p of the graded algebra AE* . 

Let T : E ~^ M he sl Banach bundle of typical fiber E. In this situation, we denote by: 

- J-{E) the algebra of smooth functions on E; 

- r(r) the J^-module of smooth sections C°° of this bundle; 

- A''T*{t) the J^-module of sections of the Banach bundle A'^E* of typical fiber A'^E*; 

- A'^r(T) the J^~module of sections of the Banach bundle A'^E of typical fiber A'^E; 

- Ar*(r) the J^~module of sections of the Banach bundle AE* of typical fiber AE*; 

- Ar(T) the J^-module of sections of the Banach bundle AE of typical fiber AE. 

For any P in A'^r(T), the integer k is called the degree of P and we set k = degP. 

Notice that A"r(T) — T and A^r(T) — r(r). For the exterior product of vectors (resp. of forms) 

we get a structure of graded exterior algebra on Ar(r) (resp. Ar*(T)) 

2.2 Some classical properties of Banach manifolds 

First we recall some classical properties of Banach manifolds. The reader can find complete refer- 
ences about all these properties in [KrMi] . 

Let M be a smooth Banach manifold modeled on the Banach space M. The manifold M is 
paracompact if and only if the topology of M is metrizable. In particular the Banach space M 
must be also paracompact. This is always true for any (eventually non separable) Hilbert space. 
A Banach space which has partitions of unity is called C''-paracompact, for A: e N U oo. 
Any paracompact manifold modeled on a C'^-paracompact Banach space has also C*''-partitions of 
unity and so is C*^ -paracompact. 

The Banach manifold M is said C'^-regular (resp. smooth regular) if for any x E M, 
there exists an open neighborhood U oi x and a C*^ (resp. smooth) function f : U ^ M. such 
that f{x) = 1 and the closure of the set {z , f{z) ^ 0} is contained in U\ such a function is 
called a bump function. Notice that M is smooth-regular if and only if M is C'^-regular for any 
A: e NUcx). 

Of course not all Banach spaces are C'^-regular for A: > 0: for instance, ^^(r), for any set F, is not 
regular (see |KrMi) ) . But any C'^-regular Banach space is paracompact (for more details about 
regularity and paracompactness see also | Arnj . |Kun] . [Lloj . jVandj and [Ion] ! 

Notice that if M is smooth paracompact, then M is smooth regular. 

2.3 Local coordinates in a Banach bundle 

Consider a Banach bundle {E,t,M) and the associated dual bundle {E* ,T:t, M). Fix x G M and 
consider any open neighborhood U x such that Ejj is isomorphic to the trivial bundle U x K, 
which we always write Ejj = U x E] we then say that Eu is trivialized. Then we also have 
EIj = U X E*- 

T*E*j^, EE f7 X E* X M* X E*; 
TE*"= C/ X E* X M X E*. 

Here we consider E as a Banach subspace of E**. Taking into account these equivalences, we 
get the following coordinates: 
s = (x, u) on Eu = U xE 
a = (x, on EIj = U X E* 
(s, v) = (s, wi, t>2) on TE\E^j = [/xExMxE 
(cr, w) = (cr, wi , W2) on TETj^, = [/ x E* x M x E* 
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(cr, -q) = (cr, ?7i, 772) on ee; [/ x E* X M* x E** 

2.4 Local coordinates in basis 

Suppose that the Banach space M has an unconditional, eventually uncountable, basis, {fii}ii=i 
and denote by the associated weak-* basis of the dual M* (see jFiWo] ) . So, each z G M 

can be written in a unique way: 

a; = ^ 
iei 

Note that we have cc' = l^*{x). 

On the other hand, each ui £ M* can be "weak-*" written in a unique way: 

which means that, for any u £ M, we have: 

< ^ ijJilJ.*,u >—< UJ,U > 

In fact we have uji =< lu, iii >. 

Consider a chart ([/, 0) on M . Via the diffeomorphism 0, we can identify U with an open 
set of M and so any x € U can be written in a unique way x = ii*{x)iii. We will say that the 

set of maps {x* := fi* : U ^ is the local system of coordinates on U. As the tangent bundle 

d 

TM\Tj is isomorphic to [/ x M, we denote by the basis of each fiber T^M, for z £ U, 

' ox^ 
canonically associated to So any vector field X onU can be written in a unique way as: 

Moreover, as X can be identified with a map from U to M we have Xi = ^* o X and so each 
component Xi is a smooth function. 

In the same way, the cotangent bundle T*M\ij is isomorphic to C/ x M*. We denote by 
{dxi}ii^i the weak-* basis on each fiber T*AI, for z € U, canonically associated to Again 
each 1-form uj on U can be weak-* written 

U! = LJidXi 

where of course we have 

<uj,X >=< '^u}idxi,X > . 

iei 

Again, each component uji is a smooth function. 

On the other hand, consider a Banach bundle t : E ^ M, and suppose that there exists an 
unconditional basis {ea}ai£A for E. Consider an open set U d M which is a chart domain and 
such that Eu = U xE. 

With the previous properties, we denote again by the constant section x i— >■ in Ejj. 
Each section s G T{tu) can be written as: 

s=Y^ e;(s)e„ 

aeA 

Again each "component" Ua — e* (s) is a smooth function on U. 
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So we have the following local coordinates on Eij: 
• {x,u) = (a;*,u") on Eu 

if M has also an unconditional basis, on Ejj the tangent space TgEu is spanned by the basis 
d d d 

{^}ieN and {^-^l^eA where {-^}a(iA is identified with the basis {ea}aeA of {s] x E 

So we have the following local coordinates on TEjj 

In the same way, for the dual bundle : £'* ^ M, on E^j we have the constant sections 
e* : a; I— e* and any section a of E^^ we also can write, in a "weak-*" way. 



and again each component is a smooth function on U . 
So we have the following local coordinates on E'^ 
• (7 ^ {x,d — ("weak-* coordinates" for ^q, ) 

if M also has an unconditional basis, on E^, the tangent space T^E^ is spanned by the basis 

d 

{— — and "weakly-*" 
ax' 

d . d . . . . 

spanned by the basis {ttt— where again {Tr—}aeA is identified with the weak-* basis 

{e*}agA; 

So we have the following local coordinates on TE^f 



2.5 Derivations and vector fields 

Let M be a Banach manifold. Recall that a (global) derivation of is a M-linear map d : J- ^ F 
such that: 

d{f9)^fd{g)+d{f)g 
We denote by T) the vector space of all derivations of F. 

An operational vector field 9 at x G Af is a derivation of J-{U) for some neighborhood U 
of X which is compatible with restriction to open V G U i.e. d induces a unique derivation dy of 
T{V) such that 

dif)iv = dvifw) 

Let DxM be the vector space of operational vector field at x and DM ~ UxeAiDxM the 
set of operational vector fields.. In fact, the canonical projection pM ■ DM M gives rise to a 
structure of Banach bundle (see |KrMi) ) . Unlike to the context of finite dimensional manifolds, if 
M is not smooth regular, then the set of germs at x G of elements of T> can be smaller than 
Vx- On the other hand, any local vector field on M gives rise to an operational vector field but 
there exist elements oiV^ which do not induce local vector fields (for more details see [KrMij ) : in 
particular we have TM ^ DM. 



3 Almost Banach Lie Algebroid 

3.1 Almost Lie bracket on an anchored Banach bundle 

Let T : _E Af be a Banach bundle of typical fiber E. We will denote by E^ — t^^{x) the fiber 
over X Cz M . 

A Banach morphism bundle p : E ^ TM is called an anchor. This morphism induces a 
map, again denoted by p from T{t) to r(Af) defined for any x G Af and any section s oi E by: 
p{s){x) — po s{x). We say that {E, r, M, p) is an anchored Banach bundle. 



5 



Local expressions : 

In the context of local trivializations (see subsection l2.3p . we have: 



p{x, u) = (x, u) {x, Rx{u)) (1) 

where R:U ^ i(E,M). 

Suppose that the Banach spaces M and E have basis. According to subsection 12. 4[ on any ap- 
propriate open U in M, any anchor p is locally characterized by a family {Pajie/.aeA of smooth 
functions such that: 



Definition 3.1 

1. An almost Lie bracket (AL-bracket for short) on an anchored bundle {E,t, M, p) is a bracket 
[., .]p which satisfies the Leibniz property: 

[Sl, fS2]p = f[si,S2]p + {p (Si)) (/) 32 

for any f ^ J- and Si,S2 G r(''')- 

In this situation, {E,t, AI, p,[., .]p) is called an almost Lie Banacii algebroid (AL- 
algebroid for short). 

2. A Lie bracket (L-bracket for short) on an anchored bundle {E,t, M, p) is an AL- bracket 
[., .]p which satisfies the Jacobi identity: for all si, S2, S3 G ^(t): 

J{S1,S2, S3) = [Sl, [S2, S3]] + [S2, [S3, Si]] + [S3, [si, S2]] = 

In this case [E, t, M, p, [., .]p) is called a Lie Banach algebroid (L-algebroid for short) 

When {E, r, M, p, [., .]p) is a L-algebroid, then the bracket [., .]p induces on r(r) a Lie algebra 
structure. In this case p : {T{t), [., .]p) — >■ (r(M), [., .]) is a Lie algebra morphism. 

Examples 3.2 

1. Let {E,T,M) be a Banach subbundle of {TM,pM, M) which is complemented, i.e. there exists 
a Banach subbundle {F,p,M) of {TM,pM,M) such thatT^M = E^^F^. Let tti : TM E 
be the Banach morphism associated to the projection of T^AI onto E^ whose kernel is F^. 
We define 

where [., .] is the usual Lie bracket on vector fields. Then {E, r, M, p,[., .]^) is an AL-algebroid 
where the anchor is the natural inclusion p of E in TM. Notice that {E,t,M, p,[., .]^) is 
a L-algebroid if and only if {E, r, M) is involutive. In particular {TM,pM, M, Id, [.,.]) is a 
L-algebroid. 

2. Consider a smooth right action ip : M x G M of a connected Banach Lie group G over 
a Banach manifold M. Denote by Q the Lie algebra of G. We have a natural morphism p 
from the trivial Banach bundle M x Q into TM which is defined by 

p{x,X)^T^x^,)^{0,X) 

For any X and Y in Q , we have: 

p{{X,Y})^[p{X),p{Y)] 
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where { , } denotes the Lie algebra bracket on Q ( Wof . \KrMif ). On the trivial bundle 
M X Q, each section can be identified with a map a : M ^ Q we define a Lie bracket on the 
set of sections by 

We get an anchor ^ : MxQ ^ TM by X) = {x) It follows that (M x g, 5', M, {{ , }}) 
has a Banach Lie algebroid structure on M . 

3. Let TT : N ^ M be a submersion between Banach manifolds. The subspaces VuN — 
Tu'!^~^{x) C Tx^uN, denoted by VN defined a Banach sub-bundle of pn ■ TN N called the 
vertical subbundle. As the Lie bracket of two vertical vector fields is again a vertical vector 
field, we get a L-algebroid on (VE,te\vei -l^)- 

4. Let 9 be a 1-form on a Banach manifold M such that dO is a weak symplectic form i.e. the 
canonical map 9^ : TM T*M defined by 9^{X) = ixd6 for any X G T^M is injective (see 
JUdRa^). Assume that 9^ is closed i.e. T^M = 9\TxM) is closed in T*M. If i^ : T^M ^■ 
T* M is the natural inclusion, then we set q^^ — ° '■ T^M — > M the restriction of 
qM ■■ T*M -> M. Then {T^M,q\i,M) is a Banach subbundle of {T* M, qm , M). Denote by 
n : T^M TM the morphism {9^)~^. We define a structure of L-algebroid on the anchored 
bundle {T^ M , q\j , M by setting 

where [., .] is the usual Lie bracket of the vector fields Ibrj and IVC,. So {T*M, qM, M, [., .]'') is 
a L-algebroid. 

This situation precisely occurs on the cotangent bundle T*M of any Banach manifold M 
where 9 is the Liouville 1-form on T* M (see \Lanf ) 

Definition 3.3 

Let {Ei, Ti, M, Pi, [., .]p-), i — 1,2, be two AL-algebroids (resp. L-algebroids). A morphism ^! from 
{Ei,Ti, M) to {E2,T2, M) (over IdM ) is called an AL-algebroid morphism (resp. L-algebroid 
morpiiism if we have: 

1. * o p2 = Pi 

2. [^{si),-^[s2)]p^ = *([si,S2]pJ for any si,S2 G V{ti) 

Notice that if {Ei,Ti,M, pi,\., ]p.), i = 1,2, are two L-algebroids, any AL-algebroid mor- 
phism \I> from {Ei,Ti,M,pi, [., .J^J to {E2,T2, M, p2, [., .Jpa) induces a Lie algebra morphism from 
(r(Ti), [., to (r(r2), [., -Ipa)- this case, we say that is a L-algebroid morphism. 



3.2 Classical derivations on an AL-algebroid 

In this subsection , {E,T,M,p, [., ]p) will be an AL-algebroid or L-algebroid. 

3.2.1 Lie derivative 

Given any section s G r(T), the Lie derivative with respect to s on Ar*(T), denoted by L^, is 
the graded endomorphism, with degree 0, characterized by the following properties : 

1. For any function / £ A°r(r) = F 

LP if) - Lpos if) - ipos (df) (LO) 

where Lx denote the usual Lie derivative with respect to the vector field X 
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2. For any g-form uj G K''T*{t) (where q > 0) 

q 

(LPuj) (si, . . . , Sg) = LP (w (si, . . . , Sg)) - (si, . . . , Si-i, [s, Si]^ , s^+i, . . . , s,) (Lq) 

On the other hand, we can also define for any function / e A'^r*(r) — T the element of 
Air*(r), denoted dp/, by 

dp! ^p'odf (dO) 
where p* : T*AI — > i?* is the transposed mapping of p. 

The Lie derivative with respect to s commute with dp. 
3.2.2 Almost exterior differential 

The almost exterior differential on Ar*(r), again denoted dp, (A-differential for short), is the 
graded endomorphism of degree 1 characterized by the following properties: 

1. For any function / e A'^r*(T) = T, dpf is the clement of A^r*(r) defined by dpf — p* o df 

2. For any uj in A'^T*{t) {q > 0), dpUJ is the unique element of A''+^T*{t) such that, for all 
so,...,Sq € r(r), 

9 

(dpUj) (so, . . . , Sq) = ^ (-1)' {OJ (so, . . . , S;, . . . , Sq)) 

i=0 

+ X! i-^y^^ {^{[■'^i^^j]pi^O,---,Si,...,Sj,...,Sq^^ 

0<i<j<q 



We then have the following properties which are obvious or which can be proved as in finite 
dimension: 

1. dp{T]A() = dp(r;) AC + (-l)''r?Adp(C) for any r] G A''r*(T) any C G A'r*(r) and any fc, Hn Z 

2. For a L-algebroid, we have dp o dp — dp^ = 0. In this case we say that dp is the exterior 
differential of the L-algebroid. 

As in the context of finite dimension (cf. [Ana] ) . we can prove: 
Proposition 3.4 

Given two AL-algehroids (resp. L-algebroid) {Ei,Ti, M, pi,[., .]p.), i = 1,2, let dp. be the asso- 
ciated A-differential (resp. exterior differential). For a bundle morphism from (Ei,Ti, M) to 
(i?2,T2,M) (over Mm), we denote by'^* : APr*(r2) ApT*{ti) the induced morphism onp-forms. 
Then, ^' is an AL (resp. L)-algebroid morphism if and only if 

dp,^*{uj) = ^*idp,L0) 

for any uj G A''T*(ri) and any integer k > 0. 

Recall that, the bracket [^1,^2] of derivations di and 1^2 of the graded algebra Ar*(T) of 
degree ki and fc2 respectively is the derivation di o ^2 — (— l)'^^'^^d2 ° di of degree fci + A;2. On the 
graded algebra Ar*(T) with the A-exterior derivation dp we have: 

Proposition 3.5 

For any si and S2 in T{t), we have i'isi,s2]pi'^) = [[*sii dp], js2](<'') for any a G r(r*) 
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Proof 



On one hand, a direct calculation gives the relation 

[[i,, , dp],is^]{a) = LP^ (cr(s2)) - LP^{a{si)) - dp(cr)(si, sa) 
On the other hand according to the definition of dp, we get: 

Hsi.s2],{(^) e^{[si,S2]p) = LP^{a{s2)) - LP,^{a{si)) - dp(cr)(si, sa). 

A 



3.2.3 Almost Schouten-Nijenhuis bracket 

An almost Schouten-Nijenhuis bracket (ASN-bracket for short) is an inner composition law 
in Ar(r) (again) denoted by [., .]^, characterized by the following properties: 

1. [., .]p is a bi-derivation of degree —1, i.e. an M— bilinear map such that deg [P, Q]^ = deg P + 
deg Q — I which fulfills the following property 



[P, QAR]^ = [P, Q]pAR+ (_l)(dosP+l)dcgQ Q ^ jp^ 

2. Forall/,5eA0r(r)=.F, [/,g]^ = 

3. For ah s e Air(r) = r(r), p e Z and Q G APr(r), [s, Q]^ = PPQ 

4. For all si,S2 G A^r(r) = r(r), [sijSa]^ corresponds to the bracket defined on the (A)L- 
algebroid 

5. For all p, g G Z, P G APr(r), Q G A9r(r) , [P, Q]^ = (-1)*"^ [Q, P]^ 



The ASN-bracket 



•7 -JP 



is called Schouten-Nijenhuis bracket (SN-bracket for short) if, 



for aU p,9,r G Z and P G APr(r), Q G A9r(r) R G A'T(r), the ASN-bracket [., .]p satisfies the 
graded Jacobi identity: 



-1)^'- [p,Q]^,R +{-ir [Q,R]p,p 



[R,P]p,Q 







Notice that if we take the canonical L-algebroid {TM,pM, M, Id, [., .]) the associated ASN- 
bracket [., .]id is the usual Schouten-Nijenhuis bracket on the graded algebra Ar(M). 



3.3 Locality of an almost Lie bracket 

In finite dimension it is classical that a an AL-bracket [.,.]p on an anchored bundle {E,t, M p) 
respects the sheaf of sections of t : E M or, for short, is localizable (see for instance [Marl] ) . 
if the following properties are satisfied: 

(i) for any open set U of M, there exists a unique bracket [., .]u on the space of sections Tim) 
such that, for any si and S2 in T{tu), we have: 

[si\U^Si\u]u = {[si,S2]p)\U 

(ii) (compatibility with restriction) if V C U are open sets, then, [.,.](7 induces a unique AL- 
bracket [., .]uv on T(tv) which coincides with [., .]y (induced by [., .]p). 

By the same arguments as in finite dimension, when M is smooth regular, we also have: 

Proposition 3.6 

If M is smooth regular then any AL-bracket [., .]p on an anchored bundle [E, r, M, p) is localizable. 
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If M is not smooth regular, we can no more used the arguments used in the proof of Propo- 
sition 13.61 . Unfortunately, we have no example of Lie algebroid for which the Lie bracket is 
not localizable. Note that, according to [KrMi' sections 32.1, 32.4, 33.2 and 35.1, this problem is 
similar to the problem of localization (in an obvious sense) of global derivations of the module of 
smooth functions on M or the module of differential forms on M. In |KrMi| and, to our known, 
more generally in the literature, there exists no example of such derivations which are not localiz- 
able. On the other hand, even if M is not regular, the classical Lie bracket of vector fields on M 
is localizable. So, there always exists an anchored bundle A — TM and a Lie bracket algebroid 
{TM, Id, M, [;,.]) for which its Lie bracket is localizable. Moreover, in Examples 13.21 we do not 
assume that M is regular but, nevertheless, these Lie brackets are also localizable 

Convention 3.7 : in all this paper, from now, we will assume that either M is smooth regular 
and if M is not regular, then the Lie bracket [ , ]p is localizable 

Remark 3.8 

1. If M is smoothly paracompact, then M is smooth regular and so any AL-bracket [., .]p on an 
anchored bundle (E, r, AI, p) is localizable. On the converse, when M is paracompact, we can 
define some AL-bracket [., .]p "locally": given a locally finite covering {Ui, i G /} of M and a 
smooth partition of unity {9i, i G /} subordinated to this covering, if [., .]i is any AL-bracket 
on Ejji then: 

is an AL-bracket on {E,t, M, p). 

2. If[.,.]p satisfies the Jacobi identity, then for any open set U, [.,.][/ satisfies also the Jacobi 
identity. In this case, {Ejj, p\u,U, [.,.]t/) is a L-algebroid. 

Remark 3.9 

Let {E,T, M, p,[., .]p) be a L-algebroid. As its bracket is localizable, then T> = p{E) is a weak 
distribution on M (i.e. on each "fiber" V^, x £ M, we have a Banach structure such that the 
identity map from T>x as Banach space into T>x o,s normed subspace of T^M is continuous see 
fPe^) . If the kernel of p is complemented in each fiber, then T> is integrable (see IPell). This 
situation occurs when ker p is finite dimensional or finite codimensional, or when M is a Hilbert 
manifold. 

Proof of Proposition \S.6] 

Let si : Af — )■ £' be a smooth section of r : i? — > Af which vanishes an open subset U of M. 
We first show that , for any other smooth section S2 oi t : E M, the bracket [si, S2]p vanishes 
on U. Indeed, choose any point x £ U and choose a smooth bump function / : Ai" — s- R whose 
support is contained in U and such that f{x) — 1. The section fsi is a (global section) which 
vanishes identically. Therefore, for any other smooth section S2 we have: 

= [fsi,S2]p = ~[S2, /Si]p = -/[S2, Si]p - df{p O S2))si. 

So at X we have 

f{x)[s 1,82] p{x) = df{pos2))si = 0. 

Since f{x) = 1, we obtain [si,S2]p{x) = 0. Now given any open set U in M, we must show that 
the bracket [ , ]p induces an unique bracket [ , ]u on T(t\u) such that 

[si\u,si\u]u = {[si,S2]p)\u 

Choose any x in U and, as before, some bump function / ; Af — > R whose support is contained 
in U and such that f{x) — 1. Then for any section si and S2 in r(T|y), fsi and fs2 are global 



10 



sections oi t : E ^ M. So [/si, fs2\p{x) is well defined and from the previous argument, this value 
do not depends of the choice of the bump function /. Therefore, we can set 

[si,S2]u{x) = [fsi,fS2]p{x) 

for any choice of bump function as previously. It follows clearly from this construction that [ , ]p 
is localizable. 

A 

Local expressions: 

Let {E,T, M, p, [., .]p) be an AL-algebroid. In the context of local trivializations f subsection 12. 3p 
there exists a field 

C : U L(ExE,E) 
z ^ 

such that for s{z) — {z,u{z)) and s'{z) — {z,u'{z)) we have: 

[s,s']u{z) = {z,CMz),u'{z))) (3) 

Suppose that the typical fiber E has an unconditional basis. According to subsection 12.41 
then for any x E M, there exists an open neighborhood U oi x and a set of smooth functions 
{C^p, Oi,/3,'^ e A} on U such that [., .][/ is characterized by: 

[ea,e/3][/ = ^ C^^e^ (4) 
More precisely, if s = SaCa and r — raCa, we have: 

[s,r]u ^ ^ C2fjSarije^^+'^{dra{p{s))ea~dsa{p{r))ea) (5) 

Note that, the almost exterior differential dp on Ar*{Tu) is also localizable i.e. for any open set U in 
M, there exists a unique graded derivation djj of degree 1 on Ar*(r;7), such that {dpUj)\i/ — dij{u]\u) 
and which is compatible with restriction to open subsets V C U. So, as for an AL bracket, 
in the context of local trivializations f subsection 12. Bp . given local sections s{z) — (z,u{z)) and 
s'{z) — (z,u'(z)) of Ejj, and uj(z) = (z,^(z)) any section of EIj, according to (H]) and Q we have 

dpuj{s, s') =< Oapi-s)), u'>-< D^pis')), u>-<^,[s, s']p > 

D^{R{u)),u' > - < DC{R{u')),u > - <t C{u, u') > (6) 

where denotes the differential of the map : ?7 — > E*. 

In the same way, the Lie derivative is localizable. 

For the sake of simplicity, for any open subset U in M , we note [., .]p, dp and instead of 
its restriction ([., .],.) u, {dp)u) and L^, to U , respectively 

4 Almost Lie algebroid defined by a sub AP-morphism or 
an A-derivation 

The notion of sub almost Poisson morphism is a generalization, in the context of Banach 
manifolds, of Poisson morphism or equivalently Lie Poisson structure (see [OdRa2j ) . The canonical 
situation corresponds to the weak symplectic structure on the cotangent bundle T*M of a Banach 
manifold M (see Example 13.21 4) 
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4.1 Sub almost Poisson morphism 

Let M be a Banach manifold. An almost Lie bracket (AL-bracket for short) on is a M-bilinear 
skew-symmetric pairing {., } on which satisfies the Leibniz rule, i.e. for any f,g,hEJ- 

{f,9h}^g{f,h} + h{f,g}. 

An almost Poisson morphism (AP-morphism for short) on M is a bundle morphism 
P : T* M ^ TM which is skew symmetric according to the duality pairing (i.e. such that < 
?/, PQ>^- < C, Pt] > for any 7y, C e T*M). 

We can associate to such a morphism a M-bilinear skew symmetric pairing {., .}p on T*{M) 
defined by: 

{vX}p =< C,Pv > 

Moreover, for any / e we have: 

{fvX}p=<CJPri>=f{vX}p 
So, we get on J- an almost Lie bracket {., .}p defined by 

{f;9}p = {df,dg}p 

For any / e we can associate a unique vector field gradF{f) = —P{df) which is called the 
almost Hamiltonian vector field of / (A-Hamiltonian gradient for short) 

Classically, to an AP-morphism P, we can associate a skew-symmetric tensor of type (3, 0) 
[P, P] : r*(r) X T*{t) T{t) defined by: 

[P, P] (7?, C) = P (Lp„C - Lpcv + d {r,, PC)) + [P77, PC] (7) 

for aU 77, C G r*(r). 

As in finite dimension, {., .}p satisfies the Jacobi identity if and only if the the tensor [P, P] 
vanishes identically (see for instance [MaMoj ) . In this case, T has a structure of Lie algebra and 
(M, {.,.}p) is called a Banach Lie Poisson manifold (P-manifold for short) (see for instance 
[OdRal] or |0dRa2j ). If the Jacobi identity is not satisfied, we say that we have an almost Ba- 
nach Lie Poisson manifold (an AP-manifold for short). In this case the vector field grad^{f ) is 
called the hamiltonian gradient of / and P induces a morphism of Lie algebra between {F, {■, -jp) 
and (r(M), [.,.]) 

Remark 4.1 

In finite dimension, a Poisson manifold is characterized by a bi-vector A on a manifold M such 
that the Schouten-Nijenhuis bracket [A, A] vanishes identically. On a Banach manifold M , an 
AL-bracket on J- gives rise to an element A of AT**M such that 

A{df,dg) = {f,g} 

Such a bi-vector gives rise to a unique morphism P : T*M T**M defined by the relation: 

<C,Pr?>=A(77,C). 
for all 77, C G r*(M) where T**M is the bidual tangent bundle of M . 

To get a Poisson manifold, we need the additional condition: P{T*M) C TM (see WdRalf . 
WdRa2^ }. 

Of course [A, A] = if and only if [P, P] = 0. 

For examples and more details about P-manifolds the reader can have a look at |OdRal| or 
[OdRa2j and some references within these papers. 

Let : T^M ^ M he a. Banach subbundlc of qm ■ T*M ^ M. A bundle morphism 
P : T^M TM will be called a sub almost Poisson morphism0 (sub AP-morphism for short) 

^ this terminology is chosen in analogy to sub-riemannian structures on a manifold 
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if P is skew-symmetric relatively to the duality pairing i.e. < a,Pj3 >— — < /3,Pa > for any 
a,(3 £ T^AI. As before, we get a R-bilinear skew-symmetric pairing {., .} on T{q\j). The set 
J-^ = {f & : df ^ T{q\^j)} is a sub-algebra of J-. Using the same arguments as in jKrHi], section 
48, we can see that, as above, P induces on an almost Lie bracket which will be again denoted 
by {.,.}p. We wiU say that (Af, J"^ {., .}p) is a sub almost Banach Lie Poisson manifold (sub 
AP-manifold for short). Of course, when {., .}p satisfies the Jacobi identity, {J^^ ,{., .}p), has a 
Lie algebra structure and we say that (J^^{.,.}p) is a sub Banach Lie-Poisson manifold (sub 
P-manifold for short). Then for any f £ J^^ we can associate a sub almost Hamiltonian gra- 
dient gradF {f) = —P{df) (sub A-Hamiltonian gradient for short) 

Of course, to a sub AP-morphism P on Af , we can also associate a skew symmetric tensor of 
type (3, 0): [P, P] : T{q\j) x r((j^,/) T{t) using the same definition as in ©, but for a, /3 £ T^M. 
Again, {.,.}p satisfies the Jacobi identity if and only if [P, P] vanishes identically. In this case, 
(J-"'', {., .}p) has a Lie algebra structure and P induces a Lie algebra morphism from {T^ , {., .}p) 

to (r(Af), [.,.]) 

Consider two sub AP-niorphisms Pi on the manifolds A/^, i — 1,2 and a map ip : Mi — > Af2- 
We say that (A/i,Pi) and (Af2,P2) are ■(/'-related if we have: 

P2 = (T^y o Pi o TV- 

In this case for the associated AL-bracket {., .}p. on the algebra i — 1,2 we have: 

{/o V',go-0}2 = ■(/'o 

for all f,g G T^. Moreover, in this case. Pi is a sub P-morphism if and only if P2 is a sub P- 
morphism and then ip gives rise to a Lie algebra morphism between (J'f , {., .}i) and (7^2; {-j -la)- 

A lot of results about AP-manifolds and P-manifolds can be extended to the context of sub 
AP-manifolds and sub-P-manifolds when considering the structure of Lie algebra of (J"^, {., .}p). 
We do not develop these aspects here. 

Example 4.2 

Let uj be a non degenerated 2-form on a manifold M . We denote by uj^ : TM T*M the associated 
morphism defined by lo'°{X) — ixui for X S T^M. Suppose that T^M ~ (jj^{TM) is a Banach sub- 
bundle of T* M . Then iJ' is an isomorphism from TM onto T^M. So P ^ {J')-'^ : THI ^ TM 
is a sub AP-morphism. We get a sub P-morphism if and only if oj is closed. In particular, if M 
is the cotangent bundle T* N of a Banach manifold N , if uj is the 2 fundamental form on T*N , 
we get a sub Poisson structure on T* N which corresponds to the natural weak symplectic structure 
on T* N (see Examvle \3.2\ A). Note that we get a Poisson structure on T* N if and only if N is 
modeled on a reflexive Banach space. 

Remark 4.3 

Consider a sub-Poisson morphism P : T^M — >■ TAf, and denote by T> = PiT^ M) the associated 
(weak) distribution on M . If the kernel of P is complemented in each fiber, then T> is integrable 
and each leaf is a weak symplectic manifold (see ^Pell). This situation is always satisfied when 
kerP is finite dimensional or finite co- dimensional (for instance if P is Fredholm, or injective) , 
or when M is an Hilbert manifold. 



Let r : £' — > Af be a Banach bundle and t^, : E* ^ M its associated dual Banach bundle. 
We denote by T{E*) the set of smooth functions on E* . Any / e T{E*) is called linear, if the 
restriction of / to each fiber E* = t~^(x) is a linear map. 
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Definition 4.4 

Let : T^E* — )■ E* be a subbundle of qe* ■ T*E* — > E* . Consider a sub AP-morphism 
P : T^E* — > TE* and its associated bracket {.,.}p on J-^{E*) C J-{E*). The sub AL-morphism 
P on E* is called linear if for any linear functions f and g on E* which belong to J-^{E*) their 
bracket {/, g}p is linear. 

Example 4.5 

In the context of Example \4-^ if we take E = TM, the sub P-morphism 
n = : T\T*M) T[T*M) is a linear sub P-morphism on T* M . 



To a given Banach bundle t : E ^ Af, we will construct a canonical subbundle T^E* on 
which will be defined all "interesting" sub AP-morphisms (see Proposition 14. 71 and subsection I4.2p . 

First of all, for any section s G r(r), we associate the linear function $s on E* defined by 

We then have the following properties: 
Lemma 4.6 

1. The map s ^ is linear and injective; we also have — [f o r*)$s for any s £ r(T) and 

2. In local trivializations (subsection \2.S\] we have 

< d^si<^), W2 >—< W2, s o r»((T) > for any W2 G IE*, considered as vertical fiber T„E* ; 
if for some f ^ J- , we have d{(^s + / ° = then s o r, (ct) = 0. 

Proof of Lemma\4.6] 

The first part is easy and left to the reader. 

With the previous notations, if W2 belongs to the vertical part of Tc^E* which is {a} x E* 
with our notations. We can consider ui2 as an element of E* , s . We then have 

< d<l>s((T), W2 >= lim l/t[< a + tw2,s o r*(a-) > — < rr, s o r*((T) >] =< W2,s o T^{a) >. 

Assume that d{^s + / ° t*){'^) — 0- Given any W2 € E* ,y As before, W2 can be considered 
as a vector in the vertical part of T„E* . From the previous relation we get: 

< ci$s(CT),W2 >= - < df{T^{(j)),T„T^{w2) >= 

which ends the proof. 

A 

Proposition 4.7 

The set 

T^E*^[\ {{c7,T]) €T*E*, 77 = d($^ + /or*), seT{Tu), f e T{U), U neighbourhood of x} 

is a well defined subset ofT*E* and if is the restriction of qe* to T^E* then 

: T^E* M 

is a Banach bundle of typical fiber M* xE. In particular, T^E* = T*E* if and only i/E is reflexive. 
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Proof of Proposition \4. 7| 



First notice that, using our notations, at any a € E* , any vector (cr, 771) £ {a} x M* can be 
written as rji = df{T^{a)) for some / G and moreover, this choice only depends on the value 
df{T^:{a)). On the other hand, from Lemma [4.61 part 2, we can identified the restriction of d^s{<^) 
to the vertical part to Ta-E* with s o r». So, the set 

generates the subspace {a} x E, considered as subspace of the vertical part {a} x E** of T*E*. 

Assume that we can write r/ — d{^si + fi ° T^.){a) = d{^s2 + /2 ° T*)(fT). From Lemma 
part 2, we get Si o r, (ct) — S2 ° t^((j) and then we must have dfi{T^{a)) — df2{T^{a)). It follows 
that the subset 

tIe* ^ {{(j,ri) £T*E\ ri^d{<^'s + f oT^), s £ r(Tc/), f e T{U), t/ neighbourhood of a;} 

is well defined and is a subspace of T*E* which, with our notations, is exactly {a} x M* x E. From 
the local definition of T^E*, it follows that the restriction of qE" ■ T*E* — > E* gives rise to a 
Banach subbundle. Of course, we get T^E* — T*E* if and only if E is reflexive. 

A 



4.2 Relation between AP-algebroid and sub AP-morphism 

Now we are able to give an adaptation to the Banach context of the classical result about equiv- 
alence between Poisson structure on E* and structure of AL-algebroid on E (see for example 
[Marl) '). 

Theorem 4.8 

Let P : T^E* ^ TE* be a linear sub AP-morphism on E* . Then there exists a unique AL-algebroid 
structure {E,t, M, p,[., .]p) characterized by: 

^[sus2]p = {^s^,^s2}p, for any suS2eT{T) (8) 
/ ° t4p = LP if) o for anyfeT,se T{t) (9) 

Moreover, {E,T,M,p, [.,.]p) is a L-algebroid if and only if P is a sub-Poisson morphism. 
Conversely, each AL-algebroid structure (i?, r, Af, p, [., .]p) defines a unique linear bracket [., .]p on 
the sub-ring J-^{E*) which is associated to a unique linear sub AP-morphism on E* which is 
characterized by relations (0) and Moreover, P is a sub-Poisson morphism on E* if and only 
if {E, T, M, p, [., ]p) has a L-algebroid structure. 

Example 4.9 

According to Example \4-2\ and Example \4-.5\ as in finite dimension, the canonical sub P-morphism 
n induces on the bundle (TM,pM, M) a structure of L-algebroid which is, in fact, the canonical 
L-algebroid structure (see Examvle \3.2\ 1). 

Local expressions : 



In the context of local triviahzation f subsection 12. 3p . recall that TE^ = ?7 x E* x M x E* 
and T^EIj = UxE* X M* X E. Given an AP-morphism P, recall that locally we have the following 
characterization (see ([TJ and ([3])) 

p(s) = {.,R{u)) for any s{z) = {z,u{z)) 

[s, s']p — ( , C(u, u'), ) for any s{z) = {z, u{z)) and s'{z) = (z, u'{z)) 
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so locally we have 

< {df',u'),P{u}{x)){df,u) > =< [s,s']p > {x)+ < df,p{x,u) > - < df,p{x,u') > , , 

=< e, C{u, u')> + < df,R{u) >- <df, R{u') > ^ ' 

for any functions / and /' on U, any sections s and s' any form uj{z) — {z,^{z)). 

If F is a function in T'^^E^), in local trivialization, we can write dF = (DiF, D2F) on [/ x E* 
where DiF (resp. D2F) is the partial derivative of F according to the first factor (resp. the second 
factor). Notice that, D2F{a) belongs to E. So for any F,G & J-^{El;), their Poisson bracket is 
given by: 

{F, G}p{<j) =< D,F, R{D2G) > (a) - < D^G, R{D2F) > (a) - < e, [D2F, D2G]p > (a) (11) 

Suppose that each Banach space E and M has an unconditional basis. According to subsection l2.4l 
and also local trivializations (subsection 12. 3p . recall that we have the following local coordinates: 

• {x,u) = (x*,u") on Eu 

• (7 ~ {x,£,) — {x'^j^a) on El; ("weak-* coordinates" for ) 

d 

• on Err, the tangent space T^Err is generated by the basis {Tr~}iei ^^^d "weakly-*" 

d 

generated by the basis {Tr7-}aeA', 

• on E^j, according to Lemma part 1 and its proof, each fiber T^E* is generated by the 
basis {dx'jig/ and {cq o T^j^g^. Notice that, we have d^a = ° t„. 

With these notations, any sub AP-morphism P : T^E* TE* associated to an AL-bracket [., .]p 
(as in Theorem 14. 8p are related in the following way: 

the Lie bracket [., .]p is locally characterized by [ea,e/3](7 = ^ C^^e-y (see dH)); 

d 

the anchor p can be characterized by p{ea) = ^ ^^^^ 
the AP-morphism P is characterized by: 

iel fi,l£A ^'^ 

On Ey, the associated algebra of functions F^{E1[j) are functions on E^ which depend on variables 
{xi)itzi and {S,a)aeA- The AL-bracket {., .}p on F^{Elj) is characterized by: 

Ua,?4p--E^a/3^7: K,^c}p=pL {x\ X= } P = 
-yeA 

The Poisson Bracket of F, G G F^(Elj) is given by: 

i^r^x - Sr ^(^F^G dG dF ^ OF dG 

{F,G}p- p^[—^—-—^—)- ^ C^^^ 



For the first part of the proof of Theorem 14.81 we need the following Lemma: 
Lemma 4.10 

Consider a linear sub AP-morphism P : T^E* — > TE* on E* and {■, ■}p the associated bracket on 
P{E*). 

1. for any section s S ^(t) and any f £ J- the bracket {$s, / ° ''"*}p belongs to T . 

2. If f and g belong to F , then {f ° t^, g ° t^}p = 0. 
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Proof of Lemma\4.10\ 

This proof is an adaptation of the proof of the analogous resuh in finite dimension, (of |LMM) 
for instance) 

Consider any s,s' e r(r), and f ^ T . Using the Leibniz rule for the bracket {., .}p we get: 

(/ O n)$,4p = (/ O T,){$„ $,4p + f0T,}p (12) 

Moreover {$s, (/ o T,)<i>s'}p is a linear function on E* . Since (/ o Th.){$s, $s'}p is also a linear 
map, from it follows that o t,}p is a linear function on E* for any s' £ r(T). So 

{$8, / o T*}p must be constant on each fiber and then we get 1. 
On the other hand, by same argument, we have 

{(/ ° T*)^'s',5 ° T*\P = if ° n){*s',.9 OT^jp + OT^,gOT^}p 

So from part 1, we deduce that , {/ o , g o t* }p belongs to T for any s' G r(r) . If follows that 
we must have {/ o r*, g o r*}p = and we get 2. 

A 

Proof of Theorem\4-8\ (adaptation, in our context, of the proof of jLMM) of the same result in 
finite dimension) 

Consider a linear sub AP-morphism P : T^E* TE* on E* and {■, ■}p the associated bracket on 
F^{E*). As $ is injective, the pairing [.,.]p defined by ([8]) is well defined and is M-bilinear and 
skewsymmetric. From Lemma 14.101 part 1 and the Leibniz property of {•,.}p it follows that, for 
some fixed s g r(T), the map p{s) : f ^ {^s,f ° t'*}p defines a derivation on J'. On the other 
hand, we have: 

{<^>s,fon}p =< d{f oT^),P{d<^,) >=< d/,dr, oP{d<i>s) > 

It follows that p{s) = dTf, o P{d^s) is a vector field on M. Notice that, from the properties of $ 
(Lemma 14.61 part i), the Leibniz property of {., .}p, and Lemma [4. 101 part 2^ we have: 

Pifs) - fp{s) (13) 

for any f ^ T. As P is a bundle morphism, it follows that the bracket {.,.}p is localizable, so 
on one hand the same is true for the bracket [., .]p and on the other hand, from ([T3|) we get that 
p{s) only depends on the value of s at any point a; G A/ so we get a morphism bundle p : E ^ M 
defined by p{u) — p{s){x) where s is any (local) section such that s{x) = u. 

From ([5]) and ©, and Lemma part i, for any si, S2 G r(r) and / G J-" we have: 

^[sijs2] = {$si,(/on)$,Jp = (/or,){$,,,$,Jp + $,,ip(,^)(/)oT, 
So we get the following relation: 

[Sl, /S2]P = /[Sl, S2]p + P(si)(/)S2 

Thus we have proved that (i?, r, M, p, [., .]p) is an AL-algebroid. From the properties of $, it 
follows that if [., .]p satisfies the Jacobi identity, it implies that {., .}p condition is true if and only 
if P is a Poisson morphism. 

Conversely, let (£■, r, M, p, [., .]p) be an AL-algebroid. Note that, from convention ?? the 
bracket [ , ]p is localizable. We want to associate a linear AP-morphism P : T*E* TE* 
such that, according to the first part, the induced AL-algebroid structure on {E, r, M) is exactly 
(E, T, M, p, [., .]p). For this we must have: 

{$s, / o T,}p = Lposif) ° T* and {f oT^,g o r*}p = 
Locally, with the notations of Lemma 14.61 we define Pa : T^E* T^E* as follows: 
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for f] + / o T*)(cr), and 77' = d(<i>l, + /' o r*)(cr) we set 

A(^)(ry, r;') = %,s']M) + Lp^s){r) o r^a) - o T,(a) (14) 

As we have seen that 77 (resp. t]') only depends on s o r*(cr) and c?/ o r*(cr) (resp. s' o r*((T) and 
d/' o r*(CT)), then it follows that A is well defined at a. Moreover, from its local definition, we 
get a smooth section of A^T^E*. It follows that the map 77 ^ A{a){.,ri) defines a linear map 
P(cr) : T^E* [T^E*]* directly given by: 

P. iv) - + Lp^s) {.)oT,(a)-Lp(,) if) o (a) (15) 

Using our notations, we have T^E* = {ct} x M* x E and so [T^E*]* = {a} x M** x E*. 

Recall that 77 = d^s + c?/ o t*. On one hand, any ui G {a} x M* can be written as lj — dg o t*((t) 

for some 5 : C/ C M R; so we have 

< w,P<t('7) >= ^a{v,dg o n) = Lp(^s){g) ° t*(ct) 
It follows that Pa{il)\{<7}xM' belongs to {a} x M considered as a subspace of {a} x M**. 

On the other hand we have 

< d<^,,,P„{ri) K„{ri,d<^s') = K{d^s,d^,,) + K{a){df oT^,d^s') 

= ^[s,s'] (cr) - Lp(s'){f) o r* (cr) 

It follows that P{<^){Tj)\{ij}xE belongs to {a} x E* x M. In conclusion, P{a){rj) belongs to 
T„E* = {cr} X M* x 

Notice that the definition ([T5]) of P is in fact local so P is a smooth bundle morphism. 

Of course as usually, P gives rise to a bracket on T^{E*) which is exactly given by (IT4)) . 
This bracket is denoted by {., .}p. As P is a bundle morphism, {., .}p is localizable. Moreover, it 
satisfies the relations 

{$,i,$s2}p = cf*s2,^'(rf*si) >, for any Si,S2 e r(r) (16) 

^p(s)(/)on = {$,,/or4p rf/or*,P(d$,) >, for any / G J", s e r(r) (17) 
{/i ° /2 o T*}p =< (i/2 o T*,P(d/i) o >= 0, for any /i , /2 G J". (18) 

Let P be a smooth linear function on E* which belongs to J-^ . Fix a point cr = (a;,^) G P 
and E^ = P x E* a neighborhood of a. We denote by d2P the partial differential of P relative to 
E* in the product P x E*. As P is linear, there exists a section S : U ^ E** such that 

d2P(C) =<5,C> 

for any ^ G IE*- But P belongs to P^ so dF is a section of T^P* P*; then we must have 
S : U ^ E and CZ2P = d2^s- Then, from (jl6p it follows that P is a linear AP-morphism. On the 
other hand, the previous relations pT)) and (IT^ mean that the Lie bracket [., .]p induced by 
P on r(r) is exactly the original one [., .]p. Finally, if [., .]p satisfies the Jacobi identity, the previ- 
ous relation implies that {., .}p also satisfies the Jacobi identity for functions of type $s + / ° t*. 
So it follows that [P, P] vanishes indentically and then, the Jacobi identity is satisfied for any 
f,g,h G T^{E*), which ends the proof. 

A 



4.3 Relation between AP-algebroid and A-derivations 

Recall that an A-exterior difTerential is a graded derivation 5 of degree 1 of AF* (r) which is 
localizable i.e. for any open set U in M, there exists a unique graded derivation 6u of degree 1 
of AF*(Tt/) such that 

{6uj)\u = 5u{uj\u) 

which is compatible with restriction to open subsets V <Z U and satisfies the following properties: 
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1. S{r] A C) = S{t]) a C + {■~1)''V A S{() for any 77 e A'=r*(r) any C G A'r*(r) and any fc, ? G Z 

2. For a L-algebroid, we have Sod — 5^—0. In this case we say that (5 is a exterior differential. 

We will adapt the classic result obtained in finite dimension: given a derivation S, one as- 
sociates a unique bracket [., .]s on T{t) with anchor p such that the almost exterior derivative dp 
associated is exactly S. However, in finite dimension, any (local) derivation of is a vector field, 
but in infinite Banach context it is not true (see subsection [23]) . So, we must impose another con- 
dition on 5 to get an analogous result. Moreover, in finite dimension, the exterior algebra Ar*(r) 
is locally generated by its elements of degrees and 1 which is not true in the Banach framework, 
even when we have Schauder basis (see Remark 14. 13p . 

In the context of the Proposition 13.51 first we have: 
Lemma 4.11 

Consider a graded A-derivation S of degree 1 of AT*{t) which is localizable. For any si and §2 
in T{t), the bracket [[i^j , 5], i^j] is a derivation of degree —1 and its restriction to r(T,) can be 
identified with a section of the bi-dual E** — > M 

Proof 

First by construction, the degree of D = [[isi , (5], «S2] is —1 so D maps A-^r(rH.) into T and 
Df — for any f G T. It follows that D{fa) = fDa for any a G r(T*) and f € T and so the map 
a i-T- Da is J- is linear, which ends the proof. 

A 

Now, in our context, we have 
Theorem 4.12 

Let T : E ^ M be a Banach bundle and : E* M its dual bundle. Consider a localizable graded 
derivation 5 of degree 1 of the graded algebra Ar*(T). Assume that for any si and S2 in T{t), the 
bracket [[ij^ , isj] in restriction to r(T^,) can be identified with a section of E C E** — > AI 

Then S defines a unique bracket [., .]g on T(t) and there exists a unique morphism p : E ^ M 
such that: 

1. for any function / £ J-" and any section s £ r(r) we have 

p{s)if)^<Sf,s> (19) 

2. [■t]5 is characterized by 

o-([si, S2]5) = S{a{si)){s2) - S{a{s2)){si) - Sa{si,S2), for any a £ r(r,) (20) 

In particular {E,t, M,[., .]s) is an AL-algebroid and the almost exterior derivative associated to 
this structure coincides with S on A*'r*(T) — J- and A"'^r*(T) — r(T,). Moreover, {E,t,M, [■,.]s) 
is a L-algebroid if and only if 6^ = 

Proof. 

From (jl9p and our assumption, we get a linear map p : T{t) — )■ T(M) which gives rise to a linear 
map pu : ^{tu) — > r(t/) for any open U in M. On the other hand, as 5f is a 1-form on E, for any 
smooth function h defined on an open U we have: < Sf\ij,hs >= h < Sf\ij,s >; it follows that 
p{s) only depends on the value of s at each point. So, we get a bundle morphism from E to TM. 

Notice that, according to the proof of Proposition IB . 5l the RHS of ((20)) is exactly [[ig-^ , S], is^ (c)]- 
Taking into account the definition of the map s 1— > $s in subsection 14. 11 the LHS of (l20l) is exactly 
'^[si,s2]s{^)- From our assumption, there is a section which we can denote by [si, S2]s oi t : E ^ M 
such that $[si,s2]i ~ [[*si,'5],is2(cr)]. As s n> $s is injective, [si,S2]a is well defined. Moreover, 
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using again the injectivity of $ the Leibniz property for [., .]s is obtained from the following results: 

^[sijs.ui^) ^ S{a{si)){fs2) - S{a{fs2)){si) - Sa{sijs2) 

= /(<5((t(si))(s2) - Siais2)){si) - ^a(,si, 53)) + a(s2)<5/(si) 

= */[«l,S2].(0-) +^p(si)(/)(<^) 

Now, if (5^ = by "formal argument" as in finite dimension, used for instance in |Marl| . we 
can prove that [., .]s satisfies the Jacobi identity. From (IT^ we obtain that S = dp on T. From 
Proposition [XH we obtain that dp = 5 on r(T,) = A^r*(T). A 

Remark 4.13 

1. Note that, in general, if M is not regular, a derivation of the module of smooth functions T 
on a Banach manifold M is not localizable ( see for instance \KrMif section 35. 1 ) . However, 
to our known there exists no example of such a derivation which is not localizable. So, in 
Theorem \4.12\ if M is not regular, we must impose that the A-exterior differential on Ar*(r) 
is localizable. 

2. In Theorem \4.1S\ we cannot assert that 5 and dp coincides on A^T* (r) for k > 2. Indeed, 
recall that the Banach space A'"'E* is generated by exterior products of 1 forms A • • • A ^^j. . 
However, even z/E* has a Schauder basis {ea}aeN the family 

{e^i A • • • A e^^ , ai < • ■ • < ak} 

could not be a Schauder basis o/A'^'E* for k > 2 (this is an unsolved problem see \Ramf ). 
So, for infinite dimensional Banach spaces, locally, the module of local k-forms A'^r*(T) is 
not finitely generated but, moreover we have no "good topology" on A'^r*(T) such that each 
k form ^ can not be locally written as 

^{x)^ XI A---AC,, 

il <---<ifc 

for some appropriate finite sequences of smooth functions , • • • (for topologies on modules 
of sections see {KrMiij and fLlai/ } 

As a consequence, any two A-derivations which coincide on J-{U) — A'^T*{tij) and on 
r*(r[/) = A^r*(T[/) can be different on A'T*{tu), for k > 2. Once more, unfortunately, 
we have no example of such a situation. 

4.4 Set of AL structures on an anchored Banach bundle 

All the essential previous results will be summarized in the next theorem. 

Let {E, r, M, p) be an anchored Banach bundle. We denote by ACB{t, p) the set of (localiz- 
able) AL-brackets on (E, r, M, p) with fixed anchor morphism p. 

We have seen that to any sub AP-morphism on the dual bundle E* is associated an anchor 
morphism pp : E ^ TM characterized by 

to s e r(r) one associates the derivation / i-> /or,} on 7^. 

We denote by AV{t, p) the set of sub AP- Poisson morphisms on the dual bundle E* such that 
the associated anchor morphism is p. 

Theorem 4.14 

Let (E, T, M, p) be an anchored Banach bundle. The set ACB{t, p) has a natural structure of affine 
space in the following sense: 

given any [., .]e G ACB{t, p) then we have: ACB(t,p) — {[., .]e + D, -D G A^r(r)}. 

There exists a bisection from ACB{t,p) to AP{t,p) defined in the following way: 

at any AL-bracket [.,.]e one associates the AL-bracket {.,.}_e on J-° [E*) characterized by 
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Proof 



The only thing to prove is the structure of ACB{t,p). Consider two AL-brackets 
i — 1,2, on {E, T, M, p). It easy to see that D = [., .]i — [., .]2 is an element of A^r(T). The others 
properties come from Theorem 14.81 

A 



5 Mechanical systems on an almost Lie algebroid 
5.1 Hamiltonian system and Hamilton- Jacobi equation 

Let {E,T,M,p,[.,.]p) be an AL-algebroid. Denote by P : T^E* -> TE* the sub AP-morphism 
associated to this AL-strucuture and {■,-}p the associated AP-bracket on F^{E*) (see subsec- 
tion 14.11) . Any function h G F^{E*) is called a Hamiltonian function and the triple {E, {., .}p, h) 
is called a Hamiltonian system. As we have already seen, to h is associated a vector field 
grad^{h) = —P{dh) called the sub A-hamiltonian gradient of h. As in this section, the AL- 
algebroid is fixed, grad^{h) will be denoted by h . An integral curve of h is called a solution of 
the Hamiltonian system (E, {., .}p, h) 

Local expressions : 

In local trivialization (subsection 12. 3p . given a Hamiltonian h, in local coordinates (x,^) in 
Ejj , we denote by Dih and the partial derivative according to the variable x and ^ respectively. 
The A-hamiltonian gradient of h has components h i and ft, 2 , on M and E* respectively. So we 
have the following characterization (see (flU]) '): 



< df',P^(,){dh) > = < df,p{D2h) > 

<u',P^(^){dh) >^<£„C^{D2h,u') > - <Dih,R^{u') > 



(21) 



So we get 



(22) 



< u', 7^2 >=< C{D2h, u')> - < Dih, R{u') > 
When M and E have unconditional basis, we have: 

_ i dh d dh d ^ dh d 

So in local coordinates, the integral curves of h satisfies the following differential equations: 



As in finite dimension (see for instance [LMM] ) we have the following result on Haniilton- 
Jacobi equation 

Theorem 5.1 _^ 

Let (E, {., .}p,h) be a Hamiltonian system. Given any section u G r*(T) we denote by h ^ the 
vector field on M defined by 

/l„(x) = T^(a;)T*( ft (cj(.t)) 

Assume that dpU ~ 0; then the following properties are equivalent: 
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(i) If c : I ^ M is an integral curve of the vector field h ^, then u o c : I ^ E* is a solution of 
the Hamiltonian system (E', {., .}p, /i). 

(a) u satisfies the Hamilton- J acobi equation i.e. dp(houj) = 
Proof of Theorem \5.1\ (adaption in our context of the proof of Theorem 4.1 of |LMM) ) 

We wiU use the local trivializations (subsection [53]). So w(z) — {z, ^{z)) where ^ is a smooth 
map from [/ to E*. In this context, Coj{x) — TxUj{p{Ex)) C T^(x)E* = M x E* is the vector space 
{{p{x, v), D£_{p{x, v)), u e E} C M X E*. Denote by [C^{x)]° C T^(^)-B* = M* x E the vector space 

{ry = c?(<i>^ + / o T*(a;)) such that < rj,a >— for aU a G C^{x)}. 

In our trivializations we have: 

^ {{df, v') such that < df, p{x, v)> + < D£_{p{x, v)), v' >= for all w G E} 

Lemma 5.2 

1. P{[Ci^{x)]'^) = Cuj{x) if and only if dpOj = 

2. if dpuj = then kerP^(a;) C [Cu,{x)]° 
Proof of part 1 

In the previous trivializations we have 

< (d/', v'), {p{x, v),D£,{p(x, v)) >=< df\ p{x, v)> + < D^pix, v)),v' > (24) 

So for any {df,v) G [£„(a;)]° according to ([TU)) and ([M)) . we have the following equality for 
any (d/',«')eT^(,)i?* 

< df, p{x, v)> + < D^{p{x, v)),v' ^, [s, s']p > {x)+ < df, p{x, v) > - < df, p{x, v') > (25) 

if and only if we have dpUj{s, s'){x) = 0, using the expression for any s'{z) — {z,v'{z)). 

The proof will be completed if we have ([25]), for any given local section s : s{z) = {z,u{z)), 
there exists a function fs such that {dfs,v){x) belongs to [Ci^{x)]° . 

Indeed, fix such a section s. We define fs : p{Ex) C TxM = M — > R by 

fs{p{x,u)) = - < DS,{p{x,u)),v{x) > 

for any u G E^. So fs is a linear form on p{Ex). From Hahn-Banach theorem, there exists on E a 
continuous linear form fs such that fs — fs on p{Ex). So, it follows that we have 

< dfs,p{x,u) >= — < D£^{p{x,u)),v{x) > for all u £ E^ i.e. {dfs,v{x)) belongs to [£a;(a;)]°. 

Proof of part 2 : 

Consider {df,v) G kerP(w(x)) C T^^^^^E* ee M* x E . So, for any idf',v') G T^^^^E* = M* x E, 
from ([TU| we have 

< C, [s, s']p > {x)+ < df, p{x, v)>-< df, p{x, v') >= (26) 
Under the assumption dpio = the relation p6p is equivalent to: 

< D^ipix, v)),v' >-< Di{p{x, v')), v> + < df, p{x, v)>~< df, p{x, v') >= (27) 
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So for any given {x,v') choose /' such that {df',v') belongs to [£(^(2::)]'^. For this choice, we get 

< D^{p{x, v'),v > + < df, p{x, v') >= 0. 
It follows that {df,v) belongs to [£^(2;)]° 

A 

We come back to the proof of Theorem \5.1\ The end of this proof follows exactly the same arguments 
as m Theorem 4.1 of |LMM| with some adaptations. First property (i) is clearly equivalent to 

(i') Tto{t^{x)) = t{w{x)) 

We begin by the implication (i')=^> (ii). 

With the previous notations, /i is a function of the variables (x, ^) G C/ x E*. Denote by 
the partial derivative of h according to variable^. As dh belongs to T^E*, the differential 
gives rise to a section of Eu. The component of h^{x) = Pi^(x){dh) G T^(x)E* = M x E* on M is 
characterized by (see (|^ ): 

hui{x) = p{D2h){x) . ^ 
From assumption (i'), we then have h[Lij{x)) G Cu]{x). From Lemma 15.21 part 1, there exists 
rj G [Ci^{x)\^ such that 

h {u:(x)) = Pu,(x){-n) 

So (ry — dh){x) belongs to kerP^(2,) and, using Lemma [Ol part 2 {dh){x) also belongs to [£(^(2:)]°. 
But 

< d{h o w), p{s) >=< dh, TxUJ o p(s) > 

for any s ^ E^- As (dh){x) belongs to and TxLu o p(s) belongs to Ci^{x) we get that 

< d{h o w), p >. 

(ii)^(i'). 

Under the assumption dpUj = 0, if we have < d{h o uj), p >= 0, as previously, we can show that 
{dh){x) belongs to [Ci^{x)]^, so h{uj{x)) = Puj(x){dh), belongs to P(j(a;)([£aj(a;)]°). But, using 
Lemma 15.21 part 1 , there exists s ^ E^ such that 

itiujix)) = Txuj{p{s)) (28) 

So we obtain _^ _^ 

h^{x) = T^(x)T*ih {uj{x)) = Tx{n ouj){p{s)) = p{s) 

Using (pS)) . we finally get 

Tuj{h^{x)) h {u}{x)) 



5.2 Lagrangian and Euler-Lagrange equation on an AL-algebroid 

Given an anchored Banach bundle {E, r, M, p), a semi spray 5 is a vector field on E such that 
(see |Ana| ): 

Pe o S — IdE where pe ■ TE ~^ E is the canonical projection; 
TtoS ^ p where Tt -.TE ^ TM is the tangent map of r. 

On the other hand, a C'^-curve (fc > 1) c : [a, 6] — > i? is called admissible, if we have 
Tp{c{t) — p{c{t)) for all t G [a, &]. According to [Ana] . we have: 

Proposition 5.3 \Andl^ 

A vector field S on E is a semi spray if and only if all integral curves of S are admissible curves. 

Among the class of semi sprays the subclass of sprays takes an important place for applications: 
if we denote hy h\ : E ^ E, the homothety of factor A > {hx{u) = Xu for any u & Ex and any 
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X € M) a semispray 5* is a spray if we have S o hx = \Th\ o S. 
Local expressions: 

In local trivializations fsubsection l2.3p . a semispray can be written in the following way (see 
[Sna]): 

S{x,u) = {x,u,Ra,{u),-2G{x,u)) (29) 
When M and E have unconditional basis, we have: 

A Lagrangian on a Banach bundle {E, r, M) is a smooth map L : _E — > R. We say that L 
is homogenous of degree k if we have: 

Lohx = \^L. 

The following result is classical (see for instance jAbMa] section 3.5) 
Lemma 5.4 

Let L he a Lagrangian, we denote by L^ the restriction of L to the fiber Ex- Then the map 
Al : {x,u) — )> {x,dLx{u)) is a bundle morphism from E to E* 

We will say that L is regular (resp. strong regular) (resp. hyperregular) if is an 
injective morphism (resp. isomorphism) (resp. diffeomorphism) . Notice that when L is strong 
regular then A^ is a local diffeomorphism. So L is hyperregular if and only if L is strong regular 
and the restriction of A^ to each fiber is injective. 

Denote hy h\ : E ^ E, the homothcty of factor A > {h\{u) ~ Xu for any u ^ E^ and any 

X S M). As in finite dimension, let Q be the Liouville field on E which is the vector field whose 

flow is the liomothety {/ia}agR- In local trivializations we have Q{x^u) = {x,u,0,u) and when M 

g 

and E have unconditional basis, we have 8 = > — . 

We denote by Hl the Lagrangian energy associated to L i.e. 

Hl = dL{e)-L 

Given a regular Lagrangian L on an AL-algebroid {E, r, M, p, [., .]p), A^ is a local diffeomor- 
phism. So for any (x, u) S E, there exists an open neighborhood U x V C Ejj of {x, u) such that 
(Ai)|(7xV' is a diffeomorphism. 

Now suppose that E is reflexive. Consider a regular Lagrangian L on E and U x V C E 
an open set on which A^ is a diffeomorphism. 

Let be the function hL = Hl o Al~^ on Al{U x V). Then dhL{cr) belongs to T*E* on 
Al{U X V) On U X V we can define the vector field L characterized by 

{AL)4Hl) = hl 

and which is called the local Euler-Lagrange vector field oi L on U x V. In particular, when 
L is hyperregular, L is globally defined and called Euler-Lagrange vector field of L. 

Theorem 5.5 Consider a regular Lagrangian L on E. 
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1. Any curve c ~ (7, A*) '■ [a,b] U x V is an integral curve of the local Euler- Lagrange vector 
field of L if and only if it is a solution of the Euler-Lagrange equations 

i^Riu) ^iD2L)=R\DiL)~D2L{C{,u)) (31) 
at 

where R* : U ^ L(M,E*) is the field x {Rxf of transpose of Rx £ L(M,E) and where 
C{ ,u) denote, for a fixed u, the field of linear maps x ^ [v ^ Cx{v, u)] (recall that x t-^ Cx 
is a field of bilinear maps) 

2. If L is hyperegular, the Euler-Lagrange vector field ~t is a semi-spray. Moreover, if L is 
homogenous of degree 2 then L is a spray. 



Remark 5.6 

//M anrf E have unconditional basis, then in the associated coordinate systems, the Euler- Equation 
can be written in the following way: 

^'i:^ |(|^)-E^iS-Ec>'§ (32) 

for any i G I . When A and I are finite sets of indexes, iSS^) is the classical Euler-Lagrange equation 
on the Lie algebroid (see for instance \GMMf } 

Proof 

We again adopt the notations in local trivializations fsubsection l2.3p . So L is a function of 
variable (x, u) and is the map {x, u) {x, D2L{x, u)). For simplicity, we will denote this map 
by A and for a fixed point {x, u) G E we denote by (x,^) — A{x, u) The tangent map TA of A is: 



So [(TA)*]-i is 



Id 
D12L D22L 



Id -D2iLo(D22L)-^ 
{D22L)-^ 



(33) 



(34) 



On the other hand, we have Hl{x, u) — D2L{x, u){u) — L{x, u) so wet get 

dHL{x,u) ^ {Di2L{x,u){u, ) - DiL{x,u){),D22L{x,u){u, )) (35) 
So as d/iL = [(TA)*]-i o dHL, from §^ and ([35]) we get 

DihL{x,£_) = -DiL{x,i) and D2hL{x,0 = u (36) 
From (PT|) the AL Hamiltonian = ([/ilIi, [^l]2 is characterized by 

[hl]i{x,0 ^ Rx{u), and ,[hl]2 = -D2L{x,0°Cx{u, ) + DiL{x,0°Px (37) 

Now as = TA{hl) from §^ and ^ we get 
[hL]iix^) = Rxiu) 

D22L{[hL]2{x, u)) = -Di2L(x, u) o Rx{u) + DiL{x, u) o R^ - D2L{x, u) o Cx{ , u) 
We can easily see that these last equations are equivalent to the Euler- Lagrange equations 

A 



25 



5.3 Riemannian AL-algebroid and mechanical system 

Let {E, T, M) be a Banach bundle. Denote by S'^T*M M the Banacli bundle of symmetric 
bilinear form on TM . Recall that a global section g of this bundle is called a riemannian metric 
on if for for any x G Af, the bilinear form on TxM is positive definite, i.e. gx{u,u) > for 
any u ^ 

To any riemannian metric g on E, is associated a bundle morphism g^ : E ^ E* defined 
by g^{X){Y) = g{X,Y). Of course, g'^ is always injective. We say that g is a strong riemannian 
metric if g^ is surjective. Note that, in these conditions, the Banach space E is isomorphic to a 
Hilbert space, and so E must be reflexive. 

We will say that the AL-algebroid {E, r, M, p, [., .]p) is a riemannian AL-algebroid if there 
exists a riemannian metric g on E. In this situation, as in finite dimension, we can consider the 
Lagrangian system map L : i? — > K of a mechanical system on E given given by 

L{s)^^g{s,s)-ViT{.s)) (38) 

where -g{s,s) is the "kinetic energy" and V : AI ^ M. the "potential energy" of the mechanical 
system. The associated Lagrangian energy is then: 

Hl{x,u) = ^g{s,s) + V{T{s)). 

The Legendre transformation A^ is g*". Of course, the Lagrangian L is hyperregular, so the La- 
grangian field L is well defined. Moreover ii V = then i is a spray. 



Local expressions 



In local trivialization (cf subsection 12. 3p . we also denote by x — > g^ the field of symmetric bilinear 
maps on E associated to g and x ^ g^^ :K the field of associated isomorphisms. With these 

notations, we have 

L{x,u) = -gx{u,u) - V{x). 
According to the local expression we can write 

L{x,u) = {x,u, R{u), ~2G{x,u)) 

where G is characterized by: 

gi{G{x,u)) = \[< RloDigl{u),u > -\ < RI o Digx{u,u), > - < R^ o dV, > - < gi{u),Cx.{ ,w);> 



The Euler-Lagrange equation is given by 
r i = R{u) 

\ ^igir^[< RioDigi{u),u> -- < RioDigx{u,u), > - < R^ o dV, . > - < gl{u),Cx{ ,u) > 

In particular, when M and E have unconditional basis , the bilinear map can be written as a matrix 
g = {9ap)a,peA and we have according to p9| can be written 



P^A /3,7GA iG/ iG/ i5GA iG/ 



(41) 



and, as in finite dimension, the Euler Lagrange equations have an analogue expression which is left 
to the reader. 



26 



Consider a riemannian L-algebroid {E, r, M, p, [., .]p) and g its riemannian metric. If 
t' : F ^ M is a Banach subbundle oi t : E ^ M, we can defined the complemeted Banach 
subbundle F-^ M whose fiber is F^ is the orthogonal in E^ of F^ relatively to the metric g. 
Let be n : — is the natural morphism projection, we can define an AL-bracket on the set of 
section of F by: 

[S1,S2]' = n[si,S2]p 

(see Example l3.2l n" 1). So, if p' = p\p, for the induced metric g' on F induced by g, {F, t', M, p' , [., .]') 
is a riemannian AL-algebroid. 
In this context, denote by 

ip : F E the canonical inclusion; 

i*p : E* -i' F* the dual projection; 

U* : E* ^ F* the dual morphism of 11; 

p ■T*E* TE* the P-morphism on E associated to [ , ]p 

p, . p*p* _^ pp ^j^g AP-morphism associated to [ , ]'. 

The Lagrangian L{x,u) = —gx{u,u) — V{x) on E induces a Lagrangian L' = L o ip on F 

which is a constrained Lagrangian on E. As in finite dimensional case (see 'Marr ), we associate 
a mechanical system on the AL-algebroid {F, t' ,M, p', [., .]') called constrained mechanical sys- 
tem on E which is obtain from the unconstrainted system associated to L on i? with the 
following relations : 

the Legendre transformation A^' : TF T * F satisfies A^' — ip o Al o ip; 

The hamiltonian h^r = Hli o (Al')^^ on F* is also given by h^i = o H*; 

The Lagrangian vector field U associated to L' is also L' = TH o L o ip. 



6 Constrained mechanical system and Hilbert snakes 
6.1 The context of an Hilbert snake 

We will now present the problem of the Hilbert snake and apply the previous results on Riemannian- 
AL agebroid. The reader can find a complete description of this situation in [PeSaj . 

In finite dimensional, a snake (of length L) is a (continuous) piecewise C^-curve S : [0, L] — >■ 
R'^, arc-length parameterized so that the origin 5(0) = G M.'^. According to |Ro] . "charming a 
snake" is a control problem so that its "head" S{L) describes a given C^-curve c : [0,1] M'' 
in "minimal way" . More precisely we look for a one parameter family {St}t£[Q,i] such that 
St{L) = c{t) for all t € [0, 1] and such that the family {St} has an minimal infinitesimal kinematic 
energy. This problem has the precise following formulation: 

Each snake S of length L in R'^ can be given by a piecewise C'^-curve u : [0, L] — > S'*^^ so 
that S{t) ~ J^u{T)dT. We look for a 1-parameter family {ut}te[o,i] so that the associated fam- 
ily St of snakes satisfies St{L) = c(<) for all t € [0, 1] so that the infinitesimal kinematic energy 

— f II — ut(s) I Ids is minimal. 
2 Jo "dt *^ ^" 

A generalization of this problem in the context of an separable Hilbert space is developed 
in |PeSa| . More precisely, given a separable Hilbert space H we consider the smooth hypersurface 
§°° of element of norm 1. As previously, an Hilbert snake of length L is a continuous piecewise 
C^-curve S : [0,L] H, arc-length parameterized so that S{0) = 0. Each such snake is again 
given by a piecewise C°-curve u : [0,L] — >■ §°° so that S{t) = u{T)dT. Given a fixed partition 

V of [0,L], the set of such curves will be called the configuration set and carries a natural 
structure of Banach manifold: when V = {0,L}, the set is an hypersurface of the Banach 
C([0, L],H) of continuous map from [0,L] to H with the classical norm || ||oo; for the general case 

V — {0 — sq, ■ ■ ■ spf = L} then is canonically homemophic to the product [C([0, L], S°°]]^ and 
so we put on the corresponding Banach structure product. Notice that, on each tangent space 
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TuC^p we also have an L product 



L 



<v,w>L2^ / < v{s),w{s) > ds (42) 

"'0 

Where < , > is the inner product in H. Of course for the associated norm || 11^2 , the normed 
space (T„Cp, || 11^2) is not complete. 

To any "configuration" u £ is naturally associated the "end map" £{u) = / u{s)ds. 

Jo 

This map is smooth and its kernel has a canonical complemented subspace which is the orthogonal 
of keiTuS in T^C^ according to the inner product (02]). We then get a closed distribution T> on 
Cp. As in finite dimension, for a one parameter family {ut}telo,i] the associated family St of snakes 

satisfies St{L) = c{t) for all t e [0, 1] so that the infinitesimal kinematic energy - / ||— ut(s)||(is 

2 Jq dt 

is minimal, if c{t) has a "lift " c in Cj, which is tangent to P, called an "horizontal lift". So the 
problem for the head of the Hilbert snake to join an initial state xq to a final state xq can be 
transformed in the following " accessibiliy problem" : 

Given a initial (resp; final) configuration uq (resp. ui) in Cp, so that E{ui) — Xi, i = 1,2, 
find a piecewise horizontal curve 7 : [0, T] ^ (i. e. 7 is tangent to 2?) and which joins uq to 

Ui. 

Given any configuration m £ we look for the accessibility set A{u) of all configurations 
w G which can be joined from u by piecewise horizontal curves. In the context of finite 
dimension, in jRoj , using arguments about the action of the Moebus group on Cp , it can be shown 
that A{u) is the maximal integral manifold of a finite dimensional distribution on C^. Unfortu- 
nately, in the context of Hilbert space, the same argument does not work. Moreover, as we are in 
the context of infinite dimension for S°°, we cannot hope to get a finite dimensional distribution 
whose maximal integral manifolds is A{u). However, we can construct a canonical distribution V 
modelled on Hilbert space, which is integrable and so that the accessibility set A{u) is a dense 
subset of the maximal integral manifold through u of T> ( |PeSa| Theorem 4.1). Moreover this dis- 
tribution is minimal in some natural sense. In fact, when H is finite dimensional, V is exactly the 
finite distribution in IRol whose leaves are the accessibility sets. 



6.2 AL - algebroid structure 

To any Hilbert basis {e^, i e N}, we can associate a family of global vector fields {Ei,i G N} on 
which generates V and the anounced distribution V is the Hilbert distribution generated by 
{Ei, [Ej , El] , i, j, I As f is not a submersion everywhere, it follows that V is not a subbundle 

of TC^. 

On one hand if A = {(i, j) £ N^, i < j}, we can consider the Hilbert space G = P(N) ® /^(A) Now, 
given any Hilbert basis {ei,i G N} of H we define an anchored bundle (C^ x G, p, C^) by 

Of course p is well defined surjective and do not depend of the choice of the Hilbert basis. 

On the other hand, the Lie bracket of vector fields of the family {Ei, [Ej,Ei], i,j,l G N} 
satisfies the following relations: (Lemma 4.3 [PcSa ) 

[Ei,Ej]{u) —< ej,u > Ei{u)~ < ei,u > Ej{u) for any u G and any i,j G N; 
[E,[Ej,Ek]] = S^jEk - 6,kEj for any i, j, fc G N 

[[E,,Ej], [Ek, El]] = 5u[Ej,Ek] + Sjk[E,, Ei] ~ 5,k[Ej,Ei] - Sji[E,, Ek] for any ij, kJeN. 
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So, on Gr we define a Lie algebra structure in the following way: 

let be (ei)igN (resp. {eij)(ij)eA the canonical basis of (Z^(N) (resp. (/^(A)); 

on G we define a Lie algebra structure in the following way: 

let be (ei)igN (resp. (ey)(ij)gA the canonical basis of (Z^(N) (resp. (^^(A)); 

according to the previous relations, we then define: 

[ei, ej] = uj^j, for all z, j G N 

[ei,i^jk] = Sijtk - SikCj, for all z e N and (j, fc) G A 

[u!ij,ujki] = Siiujjk + djkOJii - SikOJji - SjiuJik, for aU {i,j){kl) e A. 

For any cr = ^ a^ai, cr' '^j'^j ^^(N) and ^ Cij^ij ' = VkiUJki in ^^(A), naturally we 
can define: 

[a, a'] = C7iaj[ei,ej] 

[a,r]] = ^ o-ir]ki[ei,UJki] 

ieN,(fc,i)6A 

Coming back to the anchored bundle (Cp x G,p,C^), each section ip of the trivial bundle 
X G — !■ can be identified with a map : Cp — ^ G. So, on the set r(G) of section of this 
trivial bundle we can defined a Lie bracket by: 

[ip, (p']{u) = [fiu], (p'{u)] + dip{p{u, (p'{u)) - dip'{pu, ip{u)) 

It follows that (C^ X G,p,C^, [ , ]) is a Banach Lie algebroid structure on C!p 

In G let be TT : G — ?► Z^(N) the canonical projection whose kernel is Z^(A) and denote again by 
TT : X G — > X P(N) the associated projection bundle. Again any section of the trivial bundle 
X can be identified with a map from to P(N). Of course the set r(;i(N)) of 

such sections is contained in r(G). So, as in Example 13. 21 1. on r(Z^(N)), we can define an almost 
Banach Lie bracket by: 

So, if we denote by the restriction of p to x we get an almost Banach Lie algebroid 

structure {Cjji x P(N),9,C^, [ , ]) on CJ^. 

On the other hand, the distribution P is a weak Hilbert integrable distribution, on C^, this 
means that, for any u G Cp, there exists an Hilbert manifold N and a smooth injective map 
f : N ^Cl^ such that (see [Pel) ): 
u belongs to f{N), 
Txf : T^N Tf(^x)C^ is injective , 
TJiT^N) = for any a: G 

We say that N is an integral manifold through u 

Given such integral manifold which maximal (for the inclusion), the pull back f^,{C^ x G} 
and /*{Cp X Z^(N)} can be identified with N x G and N x P{N) respectively; Then, p (resp. 9) 
induces an anchor pN ■ N x G ^ TN (resp. On : N x P{N) TN). The barcket [[ , ]] and(resp. 
the almost bracket [[ , ]]) induces a bracket (resp. an almost bracket) again denoted [[ , ]].So we 
get also a Banach Lie algebroid {N x G, pN, N, [[ ; ]]) and an almost Banach Lie algebroid structure 
(iVx^2(N),0^^,A^,[[, ]]) onN. 
Now recall the following result of [PeSaj : 

Proposition 6.1 

Let be N a maximal integral manifold of T) and fix some u G N . Then we have the following 
properties 
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1. The set at which £ ; Cp — )■ H is not a submersion is a weak manifold of which is 

dijjeomorphic to the projective space P°° o/H. Its complementary TZ{£) is an open dense set 
of C!j^. Moreover, N is a maximal integral manifold off). 

(1) Assume that u G then N — Let be the 1-codimensional Hilbert subspace 
[ker^Tv]^ C {v} x P{N) for any v £ N. Then C — Uy^N^v is a 1-codimensional Hilbert 
subbundle of N x P{N) and the restriction ipN of On to C is an isomorphism onto TN and 
we have 'D\n ~ TN . 

(2) Assume that u G TZ{£). Then N is contained in TZ{£). Let be Yu the Hilbert subspace o/H 
generated by the set 

{uit)^u{0), te[0,L]} 

and choose an Hilbert basis {e^, a G A} (resp e[,, b G B^) of [Vu]^ (resp. Yu)- If is the 
set of pair G A such that that i or j do not belongs to A, then N is an Hilbert manifold 
modeled on P(N) © P{Au) and is contained in TZ{£) . 

Let be the orthogonal o/ker[p]„ C {v} x G. Then C = Uj,gAr£„ is a Hilbert subbundle of 
N X Gr'^ which contains N x and the restriction of ipN of n to C is an isomorphism 

on TN 

Moreover, C contains N x P{N) and the restriction of On to N x P{N) is an isomorphism 
on V\N 

So, on N , if we denote by [ , ] the usual Lie bracket and pN '■ TN — ^ N the tangent bundle, we have 
the canonical L algebroid {TN,pN, N, IdN, [ , ])■ When u G TZ{£, on TV, the distribution F = V^n 
is an hilbert subbundle p' : F N oi pn ■ TN N. When u G T,{£) we have T>\n = TN and so 
again we can consider p' : F ~ T>\n ~^ N a,s a,n Hilbert subbundle of TN 

6.3 Constrained mechanical system 

Let be x and y two states of the head of the Hilbert snake which can be joined by an optimal curve 
(in the sense of subsection 16. ip and consider the set il{x, y) the set of optimal curves c which joins 
X to y. Classically if c G Q{x, y) is defined on [0, T] its kinematic energy is 

E{c) = \j^ \\c{tWdt 

Let be E{x,y) — infcgf2(a;,j/) ^-Ic)- Assume that there exists c G Vl(x,y) such that E{c) — E{x,y), 
then c will be called an optimal minimizing curve which joins x to y. Of course, such a curve is 
also an optimal minimizing curve between any pair of its points. So we can look for the existence 
of optimal minimizing curve which begin at a given original state x of the head of the considered 
snake. 

On one hand, each c G il{x,y) has an horizontal lift 7 in C^, and 7 lies in N As C N is a,n 
Hilbert subbundle of iV x G iV, we have a natural riemannian metric g on C. From Proposition 
16.11 the isomorphism 'ijjN gives rise to a riemannian metric - again denoted by g - on TN and 
induces a riemannian metric g' on F = T>\n- Note that the inner product induces by g' on each 
fiber T?u, u £ N, is exactly the inner product induced by pu ■ — > TyM = H of the canonical 
one on H. So we can defined - as in subsection 15.21 - an AL bracket [ , , ]' on and we get an AL 
algebroid {F,p' ,if, N,[ , ]') 

Now, coming back to our problem of optimal minimizing curve on H. To each c G fl{x,y) 
has an horizontal lift 7 in Cp, and 7 lies in N for such a lift 7 be an of some optimal curve 
c : [0, T] -)■ H, we have then 

E{c) = ll^\\i\\'dt. 
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Finally, It follows that if c is an optimal minimizing curve which joins x and y, then the associated 
lift 7 in N is an extremal of the Lagrangian L' : F M.: 

L'{v,a)^^\\a\\^ 

on the AL algebroid {F,p' ,iF, N,[ , ]'). 

So we get a constrained mechanical system on the natural riemannian algebroid {TN, p, N, IdN,[ , ]). 
It follows that such 7 is a solution of the Euler-Lagrange equation of L' . 

We will now give the differential system satisfied by of such extremals in local coordinates. 

Fix some u e n{£). According to Proposition WT\ N is modelled on P(N) ® /^(A„). So 

d d 

we have a local coordinates (c, C) = {(o'j)iei^j (GOo.OeA^ }■ We denote by {— — ,^7—} the local 
Hilbert basis of TN associated to this coordinates system. With these notations, we have: 

So from (HUl) and (pij) . the components {(Ji,(,ji) of an extremal is given by 



a, = 0, i e N 

Cji = O'jcr,, G A„ 

Now, for u E S(f ), if we consider a basis (ei)igN of H such that u = ±ei, then N is modelled 
on e^*" (see Proposition 16. ip . So, in local coordinates {ai, i > 1} the component of an extremal 
satisfies 

CTj = 0, z > 1 
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